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FINANCIAL VOLATILITY MEASUREMENT USING FRACTAL DIMENSION
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ABSTRACT:

Financial volatility measures the variation of the price of a financial instrument over
time. It is a very important instrument for both financial analysts and investors, as it is a
measure of assets (un)stability. There have been previous attempts of using fractal
analysis in estimating the financial volatility.

In this paper, the author will experiment the use of an image processing technique,
computing the fractal “box-counting” dimension of the time series corresponding to an
asset price. The fractal dimensions of 20 pairs of assets will be compared in order to
describe their volatility. An original software application developed by the author for
fractal processing purposes was used.
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1. Financial volatility
Definitions

Financial volatility measures the variation of the price of a financial instrument over time.
it is a measure of its stability. It indicates how much and how quickly the value of an
investment, market, or market sector changes.

Investopedia [1] explains volatility as “the amount of uncertainty or risk regarding the
degree and size of changes in the value of a security”. It is pointed out that there are two
types of the security’s evolutions:

» A higher volatility means more risk, means that a security's value potentially can be
spread out over a larger range of values, leading to the possibility of dramatically
price changes (in either direction), over a short period of time.

» A lower volatility means more stability, more security, means that a security's value
changes at a steady pace over a period of time, they don’t fluctuate dramatically.

Volatility may influence the type of investments: some investors prefer investing in non-
volatile securities, such as a certificate of deposit, some others are attracted by the risk
and they’ll invest in more volatile securities, meaning more to short selling and other
forms of hedging. A security with a volatility of 50% is considered very high risk because
it has the potential to increase or decrease up to half its value.

For instance, usually, the stock price of small or newer companies tend to rise and fall
more sharply over short periods of time than stock of established, stable companies. Small
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caps are described as more volatile, and they’ll present more interest in the investors
oriented toward risky investments.

In today's markets, it is also possible to trade volatility directly, through the use of
derivative securities such as options and variance swaps.

Volatility does not measure the direction of price changes, nor their dispersion.
Considering two financial instruments, the one with higher volatility will have larger
swings in values over a given period of time, but they could have the same expected
return.

Measuring the financial volatility

As shown above, it is important for an investor to determine if a particular fund has an
optimal return for a certain amount of risk. Modern portfolio theory offers several ways of
measuring the volatility of assets, as a measure of its exposure to risk. Some of them are
statistical measuring; some others use more complex theories.

The most common way of measuring volatility is computing the standard deviation of the
asset according to the disparity its returns over a period of time.

Beta indicator determines the volatility of a fund exposed to general market movements.
If the beta value is close to 1, that means the fund's performance closely matches the
general market. A beta greater than 1 indicates that the asset both is volatile and tends to
move up and down with the market. A beta lower than 1 can indicate [2] “either an
investment with lower volatility than the market, or a volatile investment whose price
movements are not highly correlated with the market”.

2. Fractal dimension
Fractal geometry

Fractal geometry was introduced by the French mathematician Benoit Mandelbrot, around
1970. He introduced the notion of a “fractal” in order to describe an object self-similar
(invariant to some geometric transformations).

He stated that fractals (through fractal geometry) are more useful to describe natural
shapes than the classic Euclidian geometry describes. In his influential book “The Fractal
Geometry of Nature” [17], published in 1982, he wrote: “Clouds are not spheres,
mountains are not cones, coastlines are not circles, and bark is not smooth, nor does
lightning travel in a straight line”.

Mandelbrot emphasized the presence of fractals anywhere in the surrounding nature, in
human pursuits (music, painting, architecture), and not ultimately, in stock market prices.


http://www.investopedia.com/terms/b/beta.asp
http://en.wikipedia.org/wiki/Market_(economics)
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http://en.wikipedia.org/wiki/Stock_market

JOURNAL OF INFORMATION SYSTEMS & OPERATIONS MANAGEMENT

He proved that price changes in financial markets did not follow a Gaussian distribution,
but rather Lévy stable distributions having theoretically infinite variance.

Fractal geometry has proven to be a very valuable instrument in various fields. In image
processing, its success in various fields such are: medical imaging [6][7], general image
processing [8] and so. was outstanding.

Fractal dimension

A defining feature of fractal objects is that its size depends on the unit used to measure it.
This phenomenon was first noticed regarding the length of the border between Spain and
Portugal: the encyclopaedias of both countries published two different lengths: the
Spanish encyclopaedia border length was 987 km, while the Portuguese encyclopaedia
estimated at 1214 km. The explanation for the strange phenomenon consists in using two
different units of measure, unit less have to go through more of the border details and,
therefore, to obtain greater measures.

Several ways of computing the fractal dimension were introduced: the most common is
the Hausdorff dimension that defines the fractal dimension D as a fractional number:

D= log (N(s))
log(1/5)

The Hausdorff approach states that the dimension of an object is related with the number
N(s) of spheres of size s needed to over to object in a DE-dimensional Euclidian space.

N(s) ~1/sPE

Based on the Hausdorff dimension, a computational method has been imagined, so the
fractal dimension of forms could be easily estimated using the computer. This algorithm
is known as the “box-counting algorithm”. For short, it consists in successive image
covering with equal-sized squares (s=2/4/8...) and counting, at each iteration, the number
N(s) of squares that cover the object’s contour. Using linear regression, the slope of the
curve described by (log(N(s)), log(1/s)) pairs will be computed.

The fractal dimension describes the complexity of a form. The more complex the form is,
the greater its fractal dimension will be. A fractal dimension between 1 and 2 is associated
to a curve, it will be close to 1 if the curve is a straight line, but it will be closer to 2 if the
curve has a very complex shape, if it is very fragmented. So, the more complex the form
is, the greater fractal dimension will have.


http://en.wikipedia.org/wiki/Financial_market
http://en.wikipedia.org/wiki/Gaussian_distribution
http://en.wikipedia.org/wiki/L%C3%A9vy_distribution
http://en.wikipedia.org/wiki/Stable_distributions
http://en.wikipedia.org/wiki/Variance
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Fig. 1. The fractal dimension grows as the shape is more irregular
3. Fractal dimension and financial volatility

In the last years, there have been various attempts of using fractal analysis in financial
market [3][4][14]. Fractal dimension proved to be an important instrument for two
reasons: first because as Mandelbrot noticed, stock market prices are fractal objects,
second, because the fractal dimension is a measure of the degree of the image’s contour
complexity.

For the present research, two assets were considered (using the time series prices
evolution for the same period of time). Their fractal dimensions were computed using
box-counting algorithm. An original software application was used: DimFr, which was
developed by the author for fractal analysis purposes. The software is presented in detail
in [6].
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Fig. 2. The evolution of two assets prices in one year


http://en.wikipedia.org/wiki/Stock_market

JOURNAL OF INFORMATION SYSTEMS & OPERATIONS MANAGEMENT

Every time series were covered, successively, with equal squares of various sizes,
then the log-log curves were traced. The covering for the first time-series is
presented in Annex Fig. 1, while the corresponding log-log curve is presented below
(fig. 3):
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Fig. 3. The log-log curve and the s, log (1/s), log (N(s)) values for the asset (a)
Using linear regression, the slope of the log-log is computed. This yields to the value of
1.170. So, the fractal dimension for the time series above is 1.170, suggesting that the
asset had a stable behaviour in that year.

The second time series has a corresponding fractal dimension of 1.324, suggesting that,
even it is not a high-risk asset, its volatility is greater than the one of the first asset. The
result is also suggested by the visual observation that the second asset has a more
fragmented evolution than the first one.

The result is encouraging, since it suggests that the box-counting method could be used as
an instrument for measuring volatility. The experiment was tested on 20 pairs of assets,
and the results were confirmed by financial analysts.

Conclusions and future work

In the last decade, fractal geometry has made its way in financial analysis. The
benefit use of fractals in finance was suggested even by their creator, B. Mandelbrot.
Several techniques has been used, some more successful, some not.

In this paper, the box-counting algorithm was used in order to describe the volatility
of an asset. It is well-known that the complexity of the form can be measured
through the fractal dimension. Moreover, the time-series of a high-risk asset has a
fragmented shape, and, thus, a higher complexity with a higher fractal dimension.
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This yield to the idea that the fractal dimension is linked with the financial volatility:
higher-risk assets having higher fractal dimensions, while stable assets having lower
fractal dimensions, close to 1.

20 tests have been made on pairs of two assets; the results were confirmed by
analysts: assets with lower fractal dimensions are more stable then assets with
higher fractal dimension.

In a future work, the evolution of the fractal dimension will be compared with the
evolution of other classical measures of volatility. For instance, the fractal
dimension, given by an image processing method, will be put against a statistical
measure such is standard deviation.
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Annex. Successive coverage of the asset price evolution with equal squares
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(d)

Fig. 1. Object coverage with equal squares of different side values —“s”



